INTRODUCTION
This paper is devoted to investigate the convergence of vanishing viscosity approximation to weak solutions, satisfying the entropy inequality, of the following, quasilinear 2x2 hyperbolic system of conservation laws for real valued functions u v on x I~ t + . We assume that a > 1 E C2 (2 is even and superlinear and for all v satisfying
The system (1.1) fails to be strictly hyperbolic under these assumptions since there is an umbilical point in (u, v) ---(0, 0). Moreover the system is not genuinely non-linear (see below for the definition) along the u axis.
A system of this type, when / M = -1~ has been investigated by Kan [14] in his doctoral thesis, and we also employ some of his ideas to extend his results to our case. Systems of this type have been widely investigated in connection with oil reservoir engineering models ([12] , [13] , [24] ) and also in some situations arising in problems of mathematical physics ([1] , [2] , [7] , [15] ).
A complete account of the literature on these topics goes beyond the scope of this paper, but among many other important contributions we wish to mention ([5] to [8] , [10] , [16] to [21] , [30] ).
In this framework the method of compensated compactness is the main tool developed to analyze the vanishing viscosity method and we refer to the classical papers of Tartar [29] , Murat [22] and DiPerna ([5] to [8] ) for the crucial ideas in the theory. Further some important contributions are also due to Chen, Ding and Luo [I] , Chen [2] and Serre [26] .
In order to use the compensated compactness methods we will need a priori estimates in L 00, independent of the viscosity. These bounds will be obtained using the theory of invariant domains due to Chueh, Conley and Smoller [3] (see also [27] ) and the classical maximum principle.
We extend the result of [14] , from 
INVARIANT REGIONS
Here we consider the vanishing viscosity approximation to the system (1.1):
for all E > o. In order to establish a priori estimates, independent of E, we will use the theory of invariant regions due to Chueh, Conley and Smoller [3] . The results of [3] Since by definition V 00+ are left eigenvectors forVF, the Riemann invariants are the functions ~ + used to define the invariant regions following [3] . Therefore we will find in this way a family of invariant regions ( Fig. 2) [14] , where a= 1 and f(v)=1 2v2, falls within the scope of our result.
The result just found means that our equation behaves in a neighbourhood of the umbilical point as in the case of [14] . We finally remark that this generalization is possible for even and superlinear, not only for a perturbation of the quadratic 2 On the other hand, we recall that for our problem (4.11), the following Riemann representation formula holds (see [4] , pp. 449-461).
is the Riemann function associated to the equations. So, the singularity of the Riemann function ~ depends only on the singularity of the first order terms of the equation. Therefore, by using the method of [26] as in [14] one has the following result The solution just found of the Goursat problem (4. 3) with the previous conditions is said, following Serre [26] , to be an east type entropy with limit It is easy to show that r~ satisfies the condition A similar theorem holds for entropies of west types with limit co* and likewise for entropy of south and nord type with limit 03C9*+ =0. These four canonical types of entropies each vanishing in a half plane will be used later on to reduce the Young measure.
Entropy rate
In order to apply the theory of compensated compactness (see [5] , [11] , [22] , [29] ) we need to show the following fact; for any entropy pair (r~, q), 11 [22] and the method of [29] and [5] Proof. -It follows by applying the div-curl lemma (see [29] )..
Vol. 10, n° 6-1993. 5. STRONG CONVERGENCE Now we establish a strong convergence theorem of the vanishing viscosity approximation to the hyperbolic system ( 1 .1 ). To accomplish this, we make use of the entropies constructed in section 4. 4 We shall now show, using lemma 5 . 2, that this contradicts the minimality of R. Let E > 0 such that 03C9 + ~ 03C9_ (8) . Let 
